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Abstract 

We show that the soft breaking of the BRST symmetry arising in the Gribov-Zwanziger theory can 
be converted into a linear breaking upon introduction of a set of BRST quartets of auxiliary fields. 
Due to its compatibility with the Quantum Action Principle, the linearly broken BRST symmetry can 
be directly converted into a suitable set of useful Slavnov- Taylor identities. As a consequence, it turns 
out that the renormalization aspects of the Gribov-Zwanziger theory can be addressed by means of 
the cohomology of a nilpotent local operator. 
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1 Introduction 



The Gribov-Zwanziger theory [TJ [21 [3] arises from the Landau gauge Faddeev-Popov action when the 
domain of integration in the Euclidean functional integral is restricted to the so called Gribov region 
whose boundary d£l is known as the first Gribov horizon, such a restriction being needed in order to 
account for the phenomenon of the Gribov copies. So far, the Gribov-Zwanziger theory has been proven 
to be renormalizable [21 O HI [5j [6] , while providing a mechanism for gluon confinement, as displayed by 
the two-point gluon correlation function 

(^(^(- fc )) = ^^ 7 (v-^) , (1) 

which exhibits complex poles. As such, it does not correspond to the propagation of a physical particle. 
The parameter 7 stands for the Gribov mass parameter. It is not a free parameter, being determined in 
a self-consitent way as a function of the gauge coupling constant g through a gap equation, called the 
horizon condition [21 [3] . 

Several efforts have been undertaken in the last years [71 El [TOj [Til HI 031 ES] to achieve a better 
understanding of the Gribov-Zwanziger theory and of its relationship with confinement. Though, there 
still exist aspects of the theory which remain to be unraveled. Let us quote, for example, the issues of 
the BRST symmetry and of the construction of a set of local operators enabling us to make contact with 
the spectrum of Yang-Mills theories. 

In this work we address the issue of the BRST symmetry. We point out that the soft breaking of 
the BRST symmetry exhibited by the Gribov-Zwanziger action can be converted into a linear breaking 
by introducing a set of BRST quartets of auxiliary fields. 

This observation has far-reaching consequences. We underline that, unlike a soft breaking quadratic 
in the fields, a linear breaking turns out to be compatible with the Quantum Action Principle [16 1. The 
linearly broken BRST symmetry can be thus directly converted into a set of useful Slavnov- Taylor iden- 
tities. Therefore, the quantum aspects of the Gribov-Zwanziger theory can be analyzed by means of the 
cohomology of a local nilpotent operator. In particular, both the characterization of the invariant coun- 
terterms and the renormalization of local gauge invariant composite operators can be achieved through 
the identification of cohomology classes of the BRST operator, for which powerful mathematical tools 
are available [16] . 

Although we shall present our results within the context of the Gribov-Zwanziger action, it is worth 
emphasizing that the mechanism of converting the soft quadratic BRST breaking into a linear breaking 
equally applies to the so-called refined Gribov Zwanziger action (RGZ) introduced in [7J[8]. The RGZ 
action takes into account additional nonperturbative effects related to the existence of dimension two 
condensates, see [8j for a detailed discussion. These condensates modify in a nontrivial way the infrared 
behavior of the gluon and ghost propagators. For example, the RGZ gluon propagator turns out to be 

m 

(A-(k)Al(-k)) RGZ = 5 ab kA - {m2 - M2)k 2 + m2M2 - 2g2Ni4 (<V - ^) . ( 2 ) 

where the mass parameters M 2 , m 2 are dynamical parameters related to the nonvanishing dimension two 
condensates {(p a ^ Lp a ^ — Cj^ uj^) and (A^A®) [8]. Unlike the Gribov propagator, eq.([TJ, expression ([2]) does 

1 The Gribov region f2 is denned as the set of gauge field configurations which obey the Landau gauge condition and for 
which the Faddeev-Popov operator is strictly positive, namely = {A^, d^A 1 ^ = 0, -d ti (d ti 8 ab + gf acb A c ^) > 0}. 
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not vanish at zero momentum, while still providing a violation of the positivity [8], thus accounting for 
gluon confinement. The infrared behavior of the gluon and ghost propagators stemming from the RGZ 
theory is in good agreement with the recent numerical simulations at large volume [17} \TE[ \19\ . In partic- 
ular, as observed in [20], expression ([2]) provides an accurate fit of the gluon propagator up to k ~ 1.5GeV. 

The present work is organized as follows. In Sect. 2. a short survey on the Gribov-Zwanziger action 
is given. In Sect. 3 we show how the soft breaking can be converted into a linear breaking upon intro- 
duction of BRST quartets. Sect. 4 is devoted to the derivation of the Slavnov- Taylor identities as well as 
of the large set of additional Ward identities fulfilled by the new formulation of the Gribov-Zwanziger 
theory. 



2 A short survey on the Gribov-Zwanziger theory 



The action of the Gribov-Zwanziger theory is given by the following expression: 
Sgz = Jd^x^F^ + ib-d^ + cfd^A 

j d 4 x {-^d v Df^ + ^d v Bf < + gf amb (d u ^ c )(Drc p )rt c 
d 4 x ( 7 2 g f abc A^ - - d(N 2 - 1) 7 



+ 
+ 



~ / d 4 xF^F- u + s I d 4 x (<*fyA« - 6j« c d u Dfrf) -r S, . C!) 



with 



d A x ( 7 2 g r bc A a ^ - - d(N 2 - 1) 7 4 ) , (4) 



where ./V is the number of colors and d = 4 the space-time dimension. The Gribov parameter 7 2 is 
determined in a self-consistent way by the horizon condition [21 [3] , which reads 

~w=^ (5) 

where £ vac is the vacuum energy 

e" Svac = / [d$] e~ Saz , (6) 



and [d&] stands for the functional integration over all fields appearing in Sgz- In the absence of the term 
5 7 , the action ([3]) enjoys the nilpotent BRST symmetry 





= -Dfc b 
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and 

8 j d*x (\f^F- u + a (c»d»A% - utfdyDfift) \ = . (8) 

The Gribov-Zwanziger action is, however, not left invariant by the BRST transformations, eqs.([7]), which 
are broken by the term S~, namely 

sS GZ = sS 1 = 7 2 J d 4 x (-gf abc (D- d c d )(rt c - ^)+gf abc A^) . (9) 

Notice that the breaking term, being of dimension two in the fields, is a soft breaking. Though, as the 
breaking is quadratic in the fields, i.e. it is a composite field operator, eq.© cannot be directly translated 
into a suitable set of Slavnov- Taylor identities. 



3 Converting the soft breaking into a linear breaking 

As already mentioned, it turns out that the Gribov-Zwanziger action, eq.([3]), admits an equivalent rep- 
resentation in terms of a new set of fields leading to a nilpotent BRST symmetry which is only linearly 
broken. There are several ways to achieve a formulation for which the BRST symmetry is linearly broken, 
all relying on the introduction of a set of BRST quartets of auxiliary fields. Here, we shall present the 
minimal formulation in which only a pair of BRST quartets is needed. The equivalent action is given by 
the following expression 

S l 6 n z = \j d 4 xF« u F« u + sjd*x (j?d„Al - oofdvDfrf) 

+ sfd\ (gf abc Cf v A^ - - C*ff* - gf abc fj%Affi - j?*ff*) 

+ J d 4 x (j 2 vp a \- + 7 2 A^ a V) , (10) 

where (C^ b , \ ab v , rf b v , C® b ) and (pf^,, A™, fj?^,, p^ v ) are two BRST quartets of auxiliary fields, namely 

nab _ \ab \ab _ r, ab _ nab nab _ ri 

Spfv = Kv> S\<*=0, S7]% = pt v , S P f u = 0. (11) 

The fields (A?*,7/f*) and (A?*, 77^) are commuting fields, while {C® b ,C^ b ), (pfy, pffl) are anticommuting. 
Each of these fields has 16(iV 2 — l) 2 components^. Moreover, the fields (C^,p^*) have ghost number 
— 1, and (C^,/?^) ghost number 1. It is easily checked that, unlike expression ([9]), the BRST symmetry 
defined by eqs.([7|) and by eqs. ([lip is now linearly broken, i.e. the resulting breaking term is linear in the 
fields 

s ^ = 7 2 Jd*x5 ab 5, u C^. (12) 

2 The color indices (a, b) run from 1 to iV 2 — 1, while (fi, v) from 1 to 4. 
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In order to prove the equivalence between the two formulations, eq.([3]) and eq. ljlOp . we first give the 
explicit expression of Sq^ 



+ f d 4 x {gf abc \%A a y u d - gf ab %t (A a ^ - (Df <?)<$?) - X*fft) 
+ J d A x (eft (eft + (ft - gf abc A^ bd + gf abc (D^cnd d ) ~ (ft((ft + gf^Affi) 
+ / d A x (Xf u (^5 a % u - fft) + <( 7 2 5 a V " • (13) 



We observe now that the new fields Qft,rft) and (Xft,rft) can be eliminated in an algebraic way 

by using their equations of motion. In addition, the anticommuting fields C™), {jft,Pw/) can t> e 
decoupled by suitable field redefinitions. Let us show how this works at the level of the partition function. 
As it is apparent from expression (|13|) . the fields rft and A*?* are Lagrange multipliers. In the path integral 
formulation they constrain the fields A?* and ff~ v to take a constant value. In fact 

[dS] e~ s oz = j [dE}[dr,}[dfj}[dX}[dX] e -&&-f ^$tf^^W£tf^-x$)) 

= J [dZ] [dfj] [d\}6 (\f v - 7 V V) 5 (fg - 7 2 ^ V) z~ Sm > ( 14 ) 
where 

~S 1 gz = \\ d*x F* U F« U + sfd i x (c?dAl - u™d u D?rf) 

+ J d 4 x (gf abc X cd u A a ^ bd - gf ab % d u (Affi - (D?J>)u,?) - \<*fft) 
+ / d 4 x (eft (eft + p% - gf abc A a ^ bd + gf abc {D a vj>)v bd ) - p%{fft v + gf*°Affij) (15) 
Performing the integration over A™ and fft, it follows 

dZ] e~ s oz = [ [dZ] e~ Sl oz , (16) 



with 

qlin qlin I (~]7\ 

°GZ ~ dGZ\\ab v=1 2 S ab & ^. n ab =1 2 S ab & ^ , \ L I 

where Z is a shorthand notation to denote all fields appearing in Sq%, while H refers to all fields of Sq^, 
i.e. it does not contain 77,77, A, A. 

The action eq.(JT7J), takes the form 

S l Sz = S GZ + j d A x 7 2 9 r bc (Dfc d )Q b ; 

+ J d A x Cft {(ft + (ft - gf abc A«ojM + gr bc {Df C v)v b v d ) 

- f d A x p%{fft + gf abc A1Cj bd ) . (18) 
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We proceed now by first redefining the variables C cd v ^p cd as 

Cf v = C$ + p* - gf abc Ay u d + gf abc (D^)^ , 

~p%^Pl d + gf abc AlCj b u d , (19) 

which has the effect of decoupling them from the action. Further, we eliminate the term r ) 2 gf abc {D'lfc d )(jj b ^ 
in expression (|18p by redefining the field u ab asH 



~bc 
Up 



^ + [(d-D)- 1 } bd (l 2 9f dec D^c p ) , 

(20) 

As the redefinitions (|19p . (|20p have unity Jacobian, it follows 

*[ds] e^s = j [d^[de\[dC][dp\[dpK SGZ ' Sdix 

: N [ [d^}e~ SGZ , (21) 



where M is a constant factor. Expression (|2ip shows thus the equivalence between SgZ) given by eq.([3]) 
and Sqz, given by eq. (fT0|h 



4 The Ward identities 

The linearly broken BRST symmetry, eq . (|12p . can be directly converted into a useful set of Slavnov- Taylor 
identities. This stems from the fact that an equation of the type of f)12|) turns out to be compatible with 
the Quantum Action Principle |16| . In order to derive the Slavnov- Taylor identities, it is useful to follow 
[21 HI 16] and introduce a multi-index notation 

I ,n ab r7, ab i i atl /~, a M — ( ,n a r 7, a , , a n a \ 

yPti > V/j, > Up , ^ I — > <ft ) w i i w i j ) 

(/>a& \ab ab nab \ I pa \a „a na \ 

(^Pfiv^fii/jV/jiui Pfiu) = (pyAi tfiii Vpii P^i) i (22) 

where i = 1, /, with / = d(N 2 — 1). Therefore 

S l M = Jd A x(^F^ u +ib a d^ + ^DfA 

+ J d 4 x {-CptdvDf^i + oofduDful + gf amb (d u u?)(D™P(?)<pf) 

+ J d'x (gf^Ald ~ 9f ab %, - {Dfc?)uf) - AJ^) 

+ | d 4 x (C% (C% + ~ gf^A^I + gf^tp**)^ ~ P°Mi + 9f abc A«u b )) 

+ j d 4 x {\%{l 2 5 ab 5^5l b - ffa) + v*i(j 2 5 a %»Kb ~ ty) • (23) 

3 It is useful to pint out that the redefinition (|20[1 . albeit nonlocal due to the presence of [(d ■ D) _1 ], is perfectly allowed 
within the Gribov region Q, in which the operator — is strictly positive. 
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Introducing thus two BRST invariant external sources (0"> L a ) coupled to the nonlinear BRST variations 
of the fields (A a ^c a ) 



E «n =S l ™z + j d 4 x {-n«D a ;c b + »-f acb L a c b c c ) , (24) 
it follows that the action fulfills the linearly broken Slavnov- Taylor identities 

S(E^) = 7 2 f d'x 5 ab 5,JlC^ (25) 

where 



//AV'* n rv'™ rv'™ AV'™ rvitn rvlin zsr-lin 

j4_ / 02j GZ QZj GZ , 0Zj GZ 0Zu GZ , ^a 0Zj GZ , \a 0Zj GZ , 0Zj GZ 



From eq. ()25p it follows that the linearized Slavnov- Taylor operator, defined as 

+A °"4 + c '-4 + A; -i + *4 + ^ + <27) 

Bv''» Bsplin = . (28) 

We remind here that, according to the framework of the algebraic renormalization [16], the invariant 
counterterms needed to renormalize the theory correspond to the cohomology of the linearized operator 
<B S Kn in the space of the integrated local polynomials in the fields with dimensions bounded by four. 

In addition to the Slavnov- Taylor identities, eq. (|26p . the action fulfills a rather large set of ad- 

ditional Ward identities, which we enlist below: 



is nilpotent, i.e. 



1. The equations of motion of the fields b a , c a , C^, p^, rj^ and 

02 "gZ _ _ X a ,^2ra6r ri 02j G^ _ , Jm6r « ,on\ 

Notice that all breakings appearing in eqs. (f29j) . ([30]) . (f3T|) are linear in the fields. 
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2. The Ward identity for the Gribov parameter 7, namely 



<9£ 



lin 

GZ _ I j4 rob 



di 1 



<fx5 ab 5, v 5iM»i + Ki)- (32) 



Again, this identity exhibits a linear breaking. We underline that the Ward identity (j32|) has a very 
special role, as it enables us to control the dependence of the invariant counterterms from the Gribov 
parameter 7. In particular, this equation provides a simple understanding of the nonrenormalization 
properties enjoyed by the Gribov parameter, as already reported in [21 [31 SI El E] - 

3. The local, linearly broken, equation of motion of (pf 

ryZin ryZin ryiin 

to? + "5Ki m 

where 

A* = -d\t - d v r? vi - d^i ~ 91 2 f ahc A c ^ . (34) 

4. The local, linearly broken, equation of motion of Of 

GZ + + 9f abC <-^F + 9f abC ~ ~?%b )4^ = K\ 05) 



where 



&>? ^ sc^ " s fa \ sx% 1 u » h ) 



A^ = ^ + ^ + ^. (36) 



5. The local, linearly broken, equation of motion of cpf 

02j GZ a 0Zj GZ ;„ f abc-b 0Zj GZ , „ fabc r ,b 0Zu GZ „ f abc A b 0Zj GZ n f acm, J^GZ°J^GZ 



(37) 



where 



A» = -9 2 ^ + 3 M A£ + d,\% - 7 2 gf abc A b ^ . (38) 



6. The local, linearly broken, equation of motion of uif 

02j GZ _ o °-^GZ _ ■ fabc b ^±GZ _ ,abc &b 0l ^GZ _ Aai ( o q) 

where 

a: = -^+«hc. (40) 



7. The integrated Ward identity 



rf 4 x I c a GZ ij a GZ I 02j gz^gz Q c c GZ \ -0 f41) 
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8. The ghost equation [HI [21 



(42) 



where 

g a = I d 4 x 



_5_ 

5c a 



/it 



and A" is a linear breaking 



A a c = J d A xgf abc (^ - L b c c - 7 2 ^) • 
9. The linearly broken identity 



(43) 



(44) 



(45) 



and 



Mi 



/4t 



10. The linearly broken global symmetry U(f) 

Qv&frz) = !H a % v I d'x (51^ ~ SlX%) 



(46) 



(47) 



where 



Qi 



,4 / n $ n 8 n S n 6 „„ 6 -„ 5 

( ^ ~ ^ + ^ - tf m + C» — - c %w „ 



J 



+ P\ 



M tp% 1(11 Ki M5X % " l K> 



X", 



M 5X a 



(48) 



11, The linearly broken rigid identity 



(49) 



with 



d"x f aoc [A 



8 h 8 rh 6 h 5 , h 6 h 5 h 



Sc c ' " Sb c ' " l <5w? ' ~ 4 5ufi + ^ m 



,8 b 6 



7« 



ft i 



<5A< 



(50) 
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5 Conclusion 



In this work the issue of the BRST symmetry in the Gribov-Zwanziger theory has been addressed. We 
have pointed out that the soft breaking of the BRST symmetry exhibited by the Gribov-Zwanziger action 
can be converted into a linear breaking upon introduction of a set of BRST quartets of auxiliary fields. 
Due to its compatibility with the Quantum Action Principle [16], the linearly broken BRST symmetry 
gives rise to suitable Slavnov- Taylor identities, as summarized by eq. (|25p . The renormalization aspects 
of the theory can thus be addressed by looking at the cohomology of the nilpotent linearized operator 
Bxun, eq.([27D. 

Although the details of the renormalizability of the Gribov-Zwanziger theory in the new set of vari- 
ables will be reported in a more detailed work, we believe that the present observation might improve 
our current understanding of the issue of the BRST symmetry in the presence of the Gribov horizon. 
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